


' Exact Inference as Optimization
Assume we have a factored distribution

Path = ¥ ¥, HUH
In exact inference , we find a see if calibrated beliefs that represent Path
that is . we find beliefs that match the distribution represented by ghon set of initial potentials

we can view exact inference as searching over the set of distribution a that are representable by the cluster

tree to find a distribution at that matches PE

d

searching for a calibrated distribution that is as close as possible to Pee

the KL - diagonal relative - diagonal
DIP. 11kt = f. pith log ¥¥, dx

search for a distribution ll that minimizes Duell Pool

Suppose we areghen a clique tree structure T for PE

lie . T satisfies the runny intersection property and family preserving property
)

and a set of beliefs
Q= {B:/ it UH U {u.gl lijl c- a }

the set of beliefs in T defines a distribution Q

class =%A_
tf Mij

if ☒ is a set of calibrated beliefs fry , then {
*"" = ""

ttglsij ) = QQ.gl

find Q={A lie Um } U {Mig : tip c- a }
minimize DIQ 11Pa )

St . My [Sig ] = Esg Alo:) * I :-p E E, H Sgt Valls:p

E. A. to:) =L Hit UT



- The Energy Functional

The objective Duell Po) is unwieldy fm direct optimization .

but we can rewrite the relative entropy in a simpler form

Duell Po ) = f. Atm h ¥71T DX = lnz-F-LF-o.tl]

where F[Fail] is the energy functional

FIFA a] = F-athFait + Hotel = Fe F-aunt] + Hand

and Hath = -Earl hath] = -f. And - Intend dx is the entropy of a

DlallPat -- f. Ran.tn#Yadx--faatN.lnAtDdx-fxatD-hPzooDdx--Ex~a-LInllhh
] - F- not In Path]

Proust ÉÑand =É¥• HUH V4 is the projection of on Saget]
=Ix~a[hand] - Ewa[¥ In 4141 - lnz]

= - Hath - É F- ~a[ In 4141 ] + In Z

= - F [Foie] + In 2-

Since 2- is the normalizing constant . doesn't depend on A.
i. minimize KL- divergence → maximize F[Fo

.
A]

FIFA
,
a] = -F- a [hand] + ¥, F-*a [ In ¢1M ]

q.EE.ms
-

Optimizing the Energy Functional

Blah Pal =L
,
am . In Q¥¥ dx = - Haw -¥, Exnatln HUH ] + lnz

=
-T-IFao.cl ] + hit

DIQH Pad 70 In 2-71=[1%0.01]

the energy functional is a lower bound of the by if the partition function

Variational method : want to solve a problem by introducing new variational parameters

that increase the degrees of freedom over which we optimize . Each choice

of those parameters gives an approximate answer .



- Exact Inference as Optimization

Given a cluster tree T with a set of beliefs Q . define the factored energy functional
F-[ Fte

.
Q] = .É

,
Earp, -4nA.] + Eu, Hp:X:) - Eyes, Hug Is:p

where Ai is the initial potential assigned to G. : hi = 1¥.. ¢

FIFA
,
Q] = TE, F-owns:[ In ¥1,4] - TEU

, f
,

Bill:) In Alcide, + ¥4s, ftp.ythtksyldsg

1° I. F- aus:[ hit:] = ? f. pic:S Into. Hun do;

= ?¥.

Ak:) In plays da

= ¥• Iowa [hot]

no Ham = - fain - lnatxsdx =
- f. am - In !¥÷%usnpdx

=
- f, ahh . ¥v

,

Hilo:) DX + f.and JE.tnttylsydx
= - Eu

,

ahhhAlas dx + ¥, fain lnttylswpdn
=
- Fan all:X-0 :) Into:(at dato:) do: + Fan fsy §

,
QQ.y.x-sylhuybysdk-sylds.mg

=
- Ew

, f. All:) In Ath da t ¥.se/ayUylsiy1hUylsyldsy
= Eu, Halo:) - Egg Huylsyl

f- [Foie] = ¥aT⇒wa[hot] + Hath = -7 F- a:p:[hit, ] + TE, Halal - Eyes, Huylsyl = FEE .
Q]

Find ☒ = {B :| : Evil U { Ugl tip c- Es }
Max . FIFo.tl]= FIFO ,Q]

se Uylsgl = Fsg Bilal 4- lip c- 4 . Hey c- Valby) } marginal consistency
E. Bill:) -4 Hit V1

AHH *; at, * i. waka , } joint probably



- Fixed-point characterization

tf a clique tree Tisantimapuf Pie
. then there's a unique solution to

Find Q={Bilicki}v{Ug :(HEE, }
min

.

DIQIIP-iol-FIE.at/nlH---FTpp.Q]
sit.

U.gl#=Es:yB:K:lHli-jltE+HsytvaKS:g1DlQHPH--fxlknDh§¥xdx

=/✗ atxllnaoxldx - fxlxxtlnpztxsdn
=
-Habit - T⇒wa[hP*tH ] pony 4) ix. É=ÉPHM

=
- Hath - Ex~a[ In -1*4100] + lnz

= - Habit - ¥•F→wa[ hokum ] -1 /nz
= - F-LP-io.tl] + lnz Energy functional :F[PÉa]=¥Ea[hit] + Hobb
=
- Eu
,
Ears:[MY:] - Fa, Halal + ¥4, Hughs:p + Int

=
- EEE.Q] -1k£ Factored energy functional ftp.o?oi=EvyF-o:ns:Tln4i--EgH&k:t-EjeaHugk.gl

Find Q={Bilitis}U{Ug / you}
min .

- II. f. Alois Innlandet .EU#FlHkBiloisdo:-T?goufsyUglsgslnUylsy1ds.y
sit . Ug[syJ=¥y A) 1ST ' H' KEY Hsijtvaksyl dual variable X-p:[Sig] 9

FB:(a) =L Hitch dual variable hi

Bilal to Hittle . citvakci) Ilimptiiithy satisfied

L= -FTP..AT + Even /EACH-1) t.IT?gn*-?gXj..-.Esijt(U:jLsgJ-oTEgBi)lsy1)
a
E.)

= - Initial + lnp.io:1 -11+11; - ¥0s: Ats:[SY] :* "

¥÷¥.¥¥É÷µPico:) __ expl-tdil.HU:) '

¥µ, exp / Ap;[s:D )

§%Tsg]= -

hltylsiylt-xp.IS:5/-Xi-g-Lsij:--oU-ylsigJ--expH1-explX-p-
ftp.exp/di-gEsipl1eef.-sy-Lsijd=exp/dHj-Ls-g3-E)

Uijls:yl=f.mg/siyl-fj-iilsij1Bilc:1--exptHli1-4ilo:jEub:expldj-si-Lsiy]-⇒ .

exp/¥
")



All:) -_

expttx.it#)-4ilHg-Hms:fg...lsY1s.,o:p--%¥¥÷=¥÷¥¥,Y
=

explt-X.HN#).-.?g4-.)lsiy,I!*,...g,SksilsY1f.-ylSy)-c- (¥sy4i ) # Etna

.pt#.lsiy1behefpropagationupda-aymkAseef-beliefs Aisa stationary point of the optimization problem
-off

7- { £gGy] / iysc.eu }
St .

fi-yLE.y.lt:( ¥µ*y}fks:)

Moreover
,
we have

f. ✗ it:(¥*8j⇒ )

Uy=f⇒jJg⇒
> Propagation - Based Approximation : bxampk

/
A
,

ABD 1: AB -104: AD

B
, /

D B-D IB ID
C BCD 2 :B 073:[ D

Markov Network Adiqaetra A cluster graph

the dusteropphanteimsbopslhopyl.wecans-o.tl apply bdafe - update propagation
( nothing in the algorithm relies on the fact that it's a tree )

1. Q→lB)=¥4ilAiB) I :AB① 4: AD ① B. IAB)=4

.LA/BJBlB.c)--BlBil-G-sslB)/Unlpg--4ilBil.-zHlA.B) ② ② UidB)=Q⇒lB= -381=-34, #B)

⑤ftp.d-v/dB.ll-IZ4ilA.BJUnlB)--Q-nlBJ--I4ilA.B) 2 :Bb③ 3: CD

262%14=-392--3-2,4-43.4 - ¥4,181B) I :AB① 4: AD ① B. IAB)=4

.LA/BJBslGD)--BslGDtQ-s3lD/Uaslc)--4g(Gpj-2vflB.y-84,1k$) ② ② UHH -9*181=-381--54, #B)

⑤

ftp.d-v/dB.ll-IZ4ilA.BJU*lc)--ff-szAl=-ZuflB-H.Fo4lA, BJ 2 :Bb③
④

% ⑤

④ U↳Lb=6⇒ld= -2,4dB.D-%HAB



if all dusters favor consensus pint assignments
lie. B. 10 by and Ala' b' I ⇒ Alain and pica:b')

PT : pefns A :B and prefer more B--b
'

p, : prefer A-Band Bb' Uae . pref A-A' BY : pets A-=D and D=d
'

1 : A B
←

4: AD the process may not convey
Units):b prefer B-b

'

f Usa (D) prefer D=d
'

2 : Bg
Wb : Rf Gd

g, g ,-

Ñkd : tf BE p~sk.in : prep ⇒ and go,
for CHU

and 0=0

- Cluster -Graph Belief Ptopagtion 1- ABC
B

4. BE $

C
B I 3 . BDF

Alkopyl cluster graph U satisfies the running intersection property if 2. BCD
p 5. DE

D

whenever there is a variable such that XEG and ✗ Ecg ,

then there is a single path between G. and Cg for which Xtse He inthe path i. ABC
$

4. BE
$

BC É 3 . BDF

running intersection property :

2. B C D
p

5. DE
D

P 7- a path : information about ✗ flow between all clusters that contain it

so that in a calibrated clustergraph . all cluster must agree about the marginal f- X
V only one path : prevents information about ✗ from oydny endlessly in a hop

A cluster graph is calibrated if
* agita . ¥sgA=¥syB (two clusters agrees on marginal of variables in Sy )

not necessarily all vars z dykes have in common

def initialize
- obustengnyphllll : def sum. produce- message Ii : sending clique . j : receiving clique ) :

for each cluster Gi. it:(bit = 4: - ¥snb, .gs 8k¥

B. = ¥0.4 TIS:p
-

- Eg 4K:)

fm each tip c- Eu tetum TISYI
8 =/ Sjs: -1

def cluster - graph - sum-product - calibrate 101 : set of factors . U: cluster Graph )
:

initialize- cluster- graph IN
white nymph is not calibrated

select I :-p the

8µg 18g)= sum
- product - message lift

for each clique i

p ;
← 4; - ¥µµ, fksi

return {to:3



other than the fact that this algorithm is applied to graphs rather that tiles
.

this algorithm is identical to sum-product calibration of clique trees ( initialize all messages to 1 I

can use belief-update messages to define Belief-update calibration fm cluster graphs
def initialize

-
cluster

-graph 11 : def belief - update- message Li: sending clique ij. receiving clique ) :
fm each cluster Ci: 0:→j

= Esg Pi
f. = -118014to:| By = pig . Q

for each edge lijl c- Eu big = 0:-g

Ug =L

def cluster
-graph- belief- update- Calibrate 20 : set of factors . U: cluster gph over 20 ) :

initialize - Ohlson- gtaphll
white graph is not calibrated :

select Kj) b- Eu

belief- update - Message tip
return {B:} {Ug}

' Properties of cluster - Graph Bdnf propagation : Re parameterization
let U be ageneralized cluster gmph over a set of factors B.
Consider the set of beliefs {A} and sepsets {Ug} at any iteration of CG -sp -calibrate

# in = :÷¥:%,÷, ,
when THAD = Fto it is the unarmoured distribution defined by B

At each iteration : A =4i¥µ*, fyi Uylsyt-8.gs:
'

big
¥vuf

=ftp.ikiljt.ru#,fp-.lsy1FYo-aUYlsY¥1m 8-rglsylfgi.by
= ¥uu Hill:)
= Dabb

cluster-graph belief propagation preserves all the information about the original distribution

it does not
"

dilute
"

the original factors by performing propagation ahy hops .

This process kind of toys to represent the original factors in a more useful form



' Properties of cluster - Graph Bdnf propagation : Tree consistency
In a calibrated cluster Tree

,
the belief over a cluster is the marginal of the distribution

To characterize the beliefs weget by calibrating a clustergmph.
we can use the cluster tree invariant property applied to subtrees of a cluster graph

A subtree T of it is a subset of clusters and edges that together
form a tree that satisfies the running intersection property

1 : A B
A
4 : A D

4 : A D

B p
A D

2:B C
c

3 : C D 1 : A B 3 : C D

removing edges from a clustergraph may result in violating the runny intersection property

One me select a tree T.me can think of it as defining a distribution 17174 = ¥¥¥e?¥sy)
if the cluster graph is calibrated . so it the sub cluster tree

,
which satisfies the running intersection property

: pic:) = Pic:)

Tree consistency :
The beliefs over C: in the thee are the marginals of Pr

1 : A B
&
4 : A D 1 : A B

B D B

2: B C
c

3 : C D 2 : B C
c

3 : C D

cluster graph u cluster trees ( also a calibrated cluster graph )

BilAB)-BlB.otB}lGD'BdBA)_
Pzo (A. B.C.D) = Unl B) - Ursu - Usa (D) - da CA)

PHA, B. c.D) = Paola Bud) -U"§¥¥¥



-

Constructing Chester Graphs
In the case of clique trees . different clique trees of a graphical model gin the same answer

In the case of obustengbephs . different cluster graphs can lead to different answers

we have to consider the
accuracy- use trade-offs

1. ABC
B

4. BE $ 1 . ABC
$

4. BE
$

C I B I 3 . BDF I BC F- 3 . BDF

2. B C D
p 5. DE

D
2. B C D

p
5. DE

D

Messages about a message about BC

Adam GLAB. c) Strongly prefer 13=0
Us : the correlation is directly conveyed from c. to a

Ui : marginal on C is conveyed on 114 , marginal on B is conveyed on (1-4-3)

the strong dependency is lose

if marginal f- [ in GCA
.
B.D Is uniform, then 8m4cm is uniform

,

in U
, , B and C seems to be tho independent uniform to G

g. pairwise Markov Newark

univariate potential 4,1*1 for each variable Xi

pairwise potential 4-ylxi.gl oven some pairs of variables
(
any

distribution can be reformulated as a pairwise Markov network whh transformation of variables )

Xi Xi Yu Xu

Xi X2

4. Xs K Xy

Xs 114

pairwise Markov network Xs Xs Xx Xx

cluster graph



' Variational Analysis

for some cluster graph U and a distributionP . define
Qp = { PIC:) little } U {Pls>g) I c- Eu }

define the marginal polytope
Margin] = {Qp :P is a distribution over x }

The marginal polytope is the set of all cluster and sepset beliefs that can be obtained by marginalizing an actual P

(there are calibrated cluster beliefs that do not represent the marginals if any single coherent distribution over A)

The marginal polytope has exponentially many facet , cannot optimize over Magill]
instead

, we optimize the

localEU] = { {f. lieVu} U f
ltytsty ] = Eg Alois * cyst Eu , sytvdlsy yI. B:(G) = I * i c- Vu

{uyliyc.eu} B-. to:) to H it Uu C : c- Vallo:)

DIANA )= f. am

.tn#Y-*dx--fxUtD.lnAtNdx-fxlkxs-hPalNdx)---T-LP-ioilI +Int =DCarpal soIII.of ←hit
=
- Halt) - Iowa[ In ¥4M] + In 2-

= - Haw - ¥ Eve [ In ¢1M] tht
=
- f- [Fall] + In Z

Unlike fan clique tree , EEE .tl] is no longer a reformulation of the energy function, but an approximation of the energy function

Find Q same optimization problem as for clique thee calibration
,

Max . É[F
,
Q] but with 2 approximations (relaxations )

se . Q b- LocalIU] 1° Use the factual energy as an approximation of the true energy function
2° optimize oven space of pseudo-marginals instead of the space of all coherent distribution

A set of beliefs Q is a stationary point of the optimization problem Tff
* liftEu . there are auxiliary factors frsjlsyl and fysilsyl Sti fig ✗ ¥sy4i ' k%aa.x.gs Ski,

and we have

B; L H: Itarsi:) Sigi
Uig = fig . fyi,



' Structured Variational Approximations
The structured variational approach aims to optimize the energy functional
over a family Q of coherent distribution Q .

This family is chosen to be

computationally tractable
. hence it's generally not sufficiently expressive to capture

all of the information in Pie

Find
. QEQ

Max. F[PÑ .

Q]

Q is a given family of distribution .

F[P% . Oil is the exact energy functional . thus maximizing II]
→ minimizing DLQHPa)

choose simple Q .
.

ii Q can be described by a BN an MN with small treewidth
,
more efficient inference

poor approximation of Peo

' Structured Variational Approximation : Mean Field Approximation
The mean field approximation finds the distribution Q that's closest to Po in terms of DLQ 11PM Within

the class of distributions representable as a product of independent marginals
QIN = ITQlx :)

the approximation of Pa as a fully factored distribution is likely to lose a lot of information in to

The energy functional HPa . D= How -1¥, F-walk HM

F-swath 0/141 ] = Evora -4m¢crop] =) QIUD.tn HUH dad
up EvalWoll

=/ ¥µ Atx:) In 41k¢) dug
upGrall Von

Haut = - fond than DX =
-f Tian:) . In -4

,

anti dx

ritual IN ✗ tram

=

- I µµ¥axp In abl:S da

= - § Jaw-
.
. f UH:) Intern DX; - . dx. Nath is a marginal and integrates to 1

Xi Xi

=
- I. §

,

ACH;) In Atx:) da

= § HalX:)

if AM = Tt, QLX:) , then Hobb = I.Ha Ni )



g- 4X4 grid Marko network ×" *. ×.

Xu Xu Xu

F[É.at/tobDtTEpT=owaTln4lu41] ×. *. *

= ,¥,,¥µ,Ea[ htkxig.tl#.jDHMrttcal potentials

+ TE.es#..nF-a-LhKXy.XiiyD] A horizontal potentials

+ ¥T⇒¥T:S } Halting ) Anode potentials

Find {AN:) }
him

. -7-[1%0]=-7%94:) - Inda:1dA. - ¥e¥µµµ¥eyAAH Influx dux

sit ¥0M:) -4 It ;

DIQHP.t-f.AM -http://Txdxisoonvexindteltxc-vdwaoxt-T.CH:) is jointly convex
-

math and inaeasy # Ai
Duell Po )= - FIFA .cl] tlnz : . -1=[1%0,0] is convex

1=71*01%1 .lnaAIdx: - ¥q$¥µAHhfWHduy
+ I A. (E. AH:) -1 )

¥Tx, =/ + India:) - ¥•f ¥4011B KHUN day -111 #±
U¢GVaKU¢) jti

✗;=N;

= throat:| - ¥gT⇒wa[ hit / Him] th in

India:) = - X -1 + ¥•T⇒wo[hf / Kelli]
The distribution Aisa stationary point f- Mean -field optimization iff

QtN=¥exp{T.EE#a-LhHx:--x:] }

T.fgF-x~atlnolx-i-N-if-E.ua/TZo*1n0lHi-.x:J--E*a-L1nElH1x-ex:]
=Exi~a[ lnPYtxi.lt:)] Allis product of marginals .X-i-EX-X-l-F-x-i~a-LInp-etx.lk:1]+Ex→~a[ In Polk:) .z]

Atx:l=¥exp{ F-x.net/nPaotHx-iD3expET=x-i~a-LlnP-x--zD
does not depend onxi



In the mean field approximation . AH:) is totally optimal only if

AtH=¥ekp{ sa.pe#F-sux-xiwaIh4lUt.x:D ]
Atx:) has to be consistent with the expectation d- the potential in which it appears

Alky)=ziyexp{ p
×" *. ×.

FEY Athy )
- troth

.gl#yjBkixwkt-.g?gAHi.j-D-/n4tx.yikyjo-q×. Kr xs,

1- Egg.AM#.jjlnffxy.xi-nysBf
+ ¥g, Athyn) In ¢1K Nigel B-0

]

each term is a geometric mean of one potential involving Xiy

Alf mean
- field- approximation 120 , do ) :

f- Qo

Unprocessed =D
while Unprocessed # 0:

choose Xi from Unprocessed .
Qadlx:) __ AH:)

fm A. c- VAIN:)

AHH -_ekp{ TEo-sa.pe#T--aoHnwaIln0llVd.x:D] Coordinate ascent

Normalize AN

if Addai)# AN:)

Unprocessed -_ Unprocessed v14.x;esquµ SHIP )
Unprocessed -- Unprocessed- Exit

return a


