


• subgradient methods

xlktl ) = Xd4 - Lk -g
"

g
"' is any subgradient off at X

hot a descent method : need to keep track of the best point so far : fifes, = MY f-hit

• Step -site rules

step sites are fixed ahead of time

I . tant stop site : da =L Castanet

2. Akane stop length : die = thgkllk (so MK"-X""H. =L )
3. square summable but not summable :

stop sizes satisfy : E. a:<a ¥
,
an --o

4. nonsummable diminishing :

stop sizes satisfy : Kfw Ak --o Ia au =D

• Assumptions
ft -inf-fun > to wish ft =ft
Hgh EG for all go- tf Lega

-water to Lipschitz condition on f)
R IN

"
- X# Ik I can take ' '

=

' ' here )
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convergence results
define f -- Khao f-best'

constant step site : f - f-* ⇐ G
'

- the

converges to G
'
-Ha suboptimal

converges to fit if f- differential and a small enough
ey. MM HI , returning Ift -- 015 at Ho , which is a raid subgradem

roof.
end up oscillating

constant step length : f -ft E Gtk converges to 68/2 suboptimal

diminishing stop sin : f --ft converges
g . N" --Hk



• convergence proof
Euclidean distance to the optimal set decreases (not the function value)

let # be minimum off
HXK". - x HE = H X" - Akg

"
-x' ki

= Hx* -Mi -Zang
""H"-M t AI Hg# Hi flxtysfk

") -1g
"Txt.

C- INK-HH - za.HN#l-fkHtaillgHlli-E-fHH-fkMsgMTlx*-x*y
Hi apply recursively

bad term

11¥' - MK elk"-Mi - E' Lai tfHtt -ft ) t ? aillgkslk
c- K - ¥. Lai tf -fly t a

'
.? ai lsubgtadiem does nor necessarily

i. aid AM -ft ) z Iffy. -ft) - (Fai) decrease
. g. txt )

ER - 2.⇐ad . Iffy. -ft t t G
'
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f-Ex -f # s
k
'
-
1k¥" -x.Hit a.
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Fai

Ha. - f*eR÷¥ia,÷ ( Ea, -- w Ea: cue )
I
. Aslant steep site : Ak --a

ftp.ftek-Y-akd → Azt as keen

2 . constant step length : Ak -- thighIt

ftp.e.ftek-LE.aa?Mtti ⇐ Ytf my IG ask → too

3. square -summable but not summable 11114
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f-
'

Ex - ft e Eta
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•

Stopping criterion

terminate when
124 a
'
. a.

.

.

ta EE is very slow

optimal choice of hi to achieve KtI÷¥ee fm smallest k

Chow of a:b for fixed k tha minimizes 124 G' ai

min Kei
. Easy. a,

ta
'F'Ee -ft

Mfm Atan!!Youm - linear} . hence annex

symmetric men a

if elements of at is not all quit , and at is uftlmf
a permutation of a" is plat) # at is still optimal ( symmetric over a)

thus there're a dffuom opting
Mian ( R't 4h46 ' ) 12ka

min Ia t or % gradient - hi Ya- t I →

a .. -- Ha) Kk

Number of stops negated :(Kale)
"

there is not a god sloppy criterion fan subgradient method

g. Piecewise linear minimization

min . fix em,ax laixtb -it

a subgradient off: find index j for which

ajxtby = May a.txt b:

take g- aj
Huh = Xd4 - Ali g



• optimal step she if ft is known

Chola due to Polyak :
a, =fHIg¥? ( can also use when ft is estimated)

Motivation :

WH x*Hi =Hx* - Xt Ik - zang
"
'
htt'- M t Hak - gklk
fHH tf tgtcxt - x

"' I

⇐ Hx" - Hii - stuff - f-*Itai . Hgklligicx - x'"I e flxtl - fH'"I

take the grad f- rhs : HA- fuk'll + zak - Hgkilk : --
o fuk, + g-

'

H- x'"to

fix" -ft)
:

!
Ak --
lightly :*. :*,

one sup fm absolute value

this is a step she finna sups fr piecewise linear

appropriate for non- differentiable
tunes , nor the appropriate for
differentiable functions µ

:
"

"

"

"
"

xx,

HUH - ft)
'

Il X
""
-x'"Hi EHXKI -Htt -µj HIT - MK decreases each seeps\

goes
down by a hot tf Xk

is quite suboptimal
applying recursively :
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g. find a point in the intersection of convex sets

C-- Cin G -
- Acm is nonempty . C . . . - cm Elk

" close and convex

find a point in C by min
.

Max Edistlx.GL
.

- -
-

,
distal.cm , }

with distal . = fall . asubgmd"" tf "
edis.dx.gl#. . . . . . . - * %" c,g -- Fdistlx.gl

= X-Pc
H X- PgMlk

subgradient update with optimal step sire

xkH=X* - Arg
"

yes - Po, ) :
"

,

= yes - pg!° . llxaotpgoxl. "

i
.

-
- XK' - funky .

*.
.

*
x
"

HH"- Pig th

= x" - Hyde. - pgaa.jp. .

IN"- Pis th
alternating projection= Pig NK't

Xgt
'

×¥;÷.÷÷, the theorem does not say that you get oncogene
in a finite number of steps . but ft goes down to 0

Sets that can be easily projected on:

affine sets : least square
euclidean ball : go to

the center until hit the ball
non - negative or that : truncate all negative numbers
rectangle : truncate or saturate

polyhedron : solve a op min . Hx- MK

simplex : not obvious sit ' Axe b

cone of psd matrices



ey . positive semi definite matrix completion
. Some entries of matrix in Sn fixed ;
find values for others so that the completed matrix is Psd .

• C . = St
.
G is an affine set in Sh with specified fixed entries

. projection onto C, thy eigenvalue decomposition

Pa = E.
,
Max {all 'd gig;

"

chose the basis wth positive eigenvalue

leg . project a non-symmetric matrix onto the unit ball -in spectral norm I may thingular)
frm the sub

.
Uh V'⇒ VIV by truncating the singular values )

. projection onto k ly resetting specified entries to the fixed values)

things like EM algorithm ! ! !

in even steps , we get tiny negative eigenvalue
in odd steps . the number in fixed positions are

slightly off

can project on a cone where the eigenvalues
an bigger than E

• speed up subgradient methods

Xkt" = Xl" - 2kg
#
t Ba ( XH - X

"" '

)

heavy ball methods ( momentum )

other ideas : localization methods . conjugate directions



• Project subgradient method
solves constrained optimization problem

min. fall f://T.tk is Connex

Sili XEL ( EIR
"
is convex

XK" =P Lx"- day
")

projection does not increase the distance to X 't

lone fur have a merit function
, you can modify your algorithm way

as long as whatever you do does not Intense that function

eg . linear equaling constraints

min
. fall

sit. Axis

projection t onto {HAK.b)
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projected subgradient update is
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