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• Complementary slackness

Assume strong duality holds , X't is primal optima . UH ,VY is dual optimal

fol =gut, UH -- Tiff ( foul t.li fill + Elli him]
← fol t.IR; f. Htt t FA, hi

5- folk")
f-AM

hence the inequalities hold with equality

x* minimises the lagrangian ¥"
•①¥
flat co A- o

affinity -- o l complementary slackness)
hit>⇒ fi to f; # co Ako

' Karash - Kuhn - Tucker IKKT) conditions
( for a problem with differentiable fi hi )

I . KKT condition

primal feasibility i find to hill -0

dual feasibility : Rizo

complementary slackness : fill -hi ⇒

Gradient of L writ x vanishes :
Txt = Tlfoul t F.A- fill t ? Vi hill to

if strong duality holds for a problem c convex or not)

the KH conditions hold for a primal -optimal - dual - optimal fair .



2 . KKT condition for convex problems

if I , I it satisfies the KH condition⇒ then they are optimal

from complementary slackness folk) -- th .I
,
VT

from 4th condition (gradient ) and convexly : LK.
I
.

UT -- gut . T)

hence funky LINT

for any problem , convex or not , strong dually ⇒ optimal satisfies KH condition{
for a convex problem . tf Slaten condition holds

, KKT condition ⇐ optimal

• perturbation and sensitivity analysis
(unperturbed) optimization and its dual

min
. foul Max. guilt

sit fi K) to sit. No

hill = o

perturbed optimization and its dual I relaxed constraints)

Min folk Max . gld, UI - I'll - UTV

S-t. filet EU: ( luesenvy and tightening)
hi HI --Vi ( shifting ie. hit a target )

X is the primal variable , U and rare parameter .

pm.
v) is optimal value as a function of UN

what can we say about pru. D from the unperturbed problem and its dual



I
. global sensitivity result :

assume strong dually holds for the unperturbed problem,
and Hit " dad optimal FWM"""W ""btw

µ,

apply weak duality to perturbated problem :

p* LUV) z gift , UH - Mu - y
#TV

=p# to. o ) - ATU - y
#Tv

! perturbed u .

2- sensitivity interpretation:

if IT. large : p
'

increase greatly if we tighten constraint i Mico)

Ipt becomes int if perturbed problem is infeasible )

if di small : p' does not decrease much if we loosen constraint i Miso)

3. local sensitivity :

if pt4UN) is differentiable at bad , then g. min full

a.* = - tt¥ µ .. - df;Y
stfu .

A

tin Etty =
WE

f. HH - -ol hit = o

t-so tell ; we can perturb the problem finkel{ ptltei , o) - PHON) x - Ai - t (global sensitivity ) pt won't change

for t > o
p* It . end - p

* too,

I
s -hi

ftp.HH-ei.of-H-dttjlu:9 zit,
for too p*Hiei . o) -p# lad
e-

e-hit

µ. t.ie#.os.p.w.e . it;i *.

" ""
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Introducing new variables and equality constraints

min
. folltxtb)

dual function guk Min folAxttd =p# (strong duality , but dual is useless )

reformulated problem and its dual
min . fly l
sit . Ax -lb -y

-
- o

guk ix.f- I tolyl - Vy + V'Axtbtv]
= - g.uypfflys -try - v

-

'Ax - btv )

=

f. fits
tbh AV -- o

⇒ max. biu - fi w)
-w N'V to se . Aiko

ey . min .
HAH- toll ( H - H is any norm )

min
. 11yd

Sit. y Ax- b

gun
-

- if I 11yd try - VIX + btv )

= tyyf ( Hy H t Vy -VIX ) t bib

= f-
00 ATV to take ya E. VIX ) 70 since Kitto la # w

inyflllylltvtyttbtv -- f btv Hulk H

µ
-to otherwise

Max . bTV

St . ATV =o

INHt 4



• Implicit constraints.

ey. LP with box constraints

Min
. folly = {

EX - Lexie

Min
.

CTX w otherwise

sit . Atb se . Atb

-LEX EL

Lexx. .Ah=extHkbHTHtHhTHH gcx.az .!÷f¥:[ txt V' LAX- bit= letter -1A -ATX -bitten - IN L¢thEuTx ] - b"

g
" "'t 'll ' 'ftp.tfIIYIIE.th.ifuhevtax.ae = -Haruka - bTV

-w otherwise I
Hv

Max. -butted . - Ltd. Max . -Hcthivtlh - bTV
se. GATHA -Hae ( AHHH)
AH Azo

' Theorem of alternatives

1. weak alternatives for nonstrict equal -ites
determine the feasibility of filk Eo it . - -im hilkto Hi - " t'

D= Adomf , ndomh,

min. O

St f: to the problem has optimal value f*={ 0 if feasible
-w if infeasiblehill)=0

guilt = inf ( FNfilxlt.TV; him ) glam is homogeneous indie
gldd.wt-dgul.lt) for doo

dual problem: Max . -kflERifilHtFHhibH )
St d:D

d*={
00 if No guilt >o is feasible
° if RW gauss. is infeasible



if No guilt > o is feasible
d* -- w p*=w : the original problem is infeasible
if the original problem is feasible
7- TED St . fill to Nikko

gullet
-

- Tff ( fix .nu , ) ← Let . d.us a

i. gin . UI Eo

{ fill EO hill -0

Aso guy , >
o ) at Moa one of them is feasible

2. weak alternatives for strict inequalities
min 0 if the original problem is feasible
St. f : CO 7- TED se . filet Lo hilts

hi #⇒ guilt = inf ( Editing t E. Ui hilly
← E. di fils t Fu, hit"
( o

:
. galileo A. so Ho Is Infeasible

filly co hilly -- o{
got.ws on, > o *

} At most one of them is feasible

3. Strong alternatives for Sorice inequality
f- ilxko fill an annex
DX-- b IX E relined with Atb

H

min . S

St filk -SEO Left co iff the strict inequality system is feasible)
AX=b

IX. d. Ul - St Eli Ifill -s) t i' tax-b)
4.7¥ LH.NU) -- ftp.ftlt.a.tst?difilDtU-lAx-bD

= { gain
EM guilt is the dual function of ¥¥b

-W otherwise



Max . guilt the Slater's condition holds for Max . S

S-t . Ltd-4 Sit . f. KI -Seo
Ato II Etefint D with kT=b DX --b

chasing any 5 = may fix)ftp.t-dt II. ⑤ is a strictly feasible point for the problem.

i. fit -- d't

III. Vt) such that

gut . UH =p
te Meo L'At -4

" suppose f.Kk o Hab is infeasible
fit so
UH

,

Vt ) satisfies No Neo gusto
I suppose An Ato GLAVIN IS feasible

154 =D' - {Max . gcd.us s- t . due this to yay homogeneous in Au )
i. filk 0 Mtb is infeasible

30 suppose f.Wco Ix --b is feasible
gld.ukinfkdifikl-U.tw-H}

< o when Aisne Ato
t . A, so Ho yall to is infeasible

4. suppose No No guilt to is infeasible

Rio Ltd =L guilt ⇒ is infeasible
i . Max glad{se . no ,

and co

:
. ft = dk do
!
. fi do Atb is feasible

.

'

. { fill co
Htb

duo Ho gu, u, so
} Strong alternative

exactly one of the two is feasible .

if IX t relined wth Atb



4. Strong alternatives for nonstrict inequalities

filxteo Axis in,fL=¥nf{ St Fdi (files) + U' Hx-H }
He

= ggla.us if
I'd "

Min s
-w

otherwise

sit. fill) -Seo Hu
KKb Max

. gk.us
se . No tidy

suppose I I E reline D with IIb guy . UH=p't it so I'M-4
choose s > may fill is strictly feasible
! . put = It

to suppose the inequality system is infeasible
p*=d* >o
at , v't) satisfies doo gulu) so

I suppose the inequity system is feasible
p*= It to

gain -- iff ( Fdi fills t V' IAKH ) so is infeasible for due

so suppose No gill .Uto is infeasible
No genuine till⇒ is infeasible
'
- for No LH -4 d*=pt -- g Uteo

± the original problem is feasible

40 suppose Nae g Hill
>o is feasible

p# = dt-nf.ua { galls. No L'd -43 so gulu ) homogeneous in du
-i the original problem is infeasible

{ I "j¥f } strong alternatives
exactly on of these is feasible
if 7- X E Kline D se

.
Ax .-b



• Generalized inequalities
min

. folly
s.fi fi Iki O Ski is generalized in equating on R

"

Nikko

Lagrangian multiplier for filxltk:O is vector Xi ER
"

LN, d. . . . Am .
U) = felt FAT fill t U' Hx-b ) affine in d. a

yldi . - -
' Am , H = tfff LA, d . U) point -wise

-mfimum : . concave

Max. genius
s't Ai 7k¥ 0 (so that hit- f. HI to fan feasible x )

lower bound property

#, gut.# Y¥ If# t FAT fill t V' lax-bi]
⇐ fruit t Fai fix't tu CAH -bi

t:*.

⇐ fealty for hiskit 0

Weak duality footed" always holds

strong dually p*=d* when constraint qualification ( dawn's condition ey.)

of semi -definite programming
min . Ctx

Sue Xi't it .
"
-' Xu Fn + G -- o ( Fi

.
G Esk)

Lagrangian multiplier is matrix 2- Esk

LIX it) -- CTX t tr ( E' exit it- ' ' Hafner ) )
= CTX t tr ( t Htt. - txnfn -16 ) )
= Xi . [ at thEti ) ] t - v - t Xnlffnttrlttnl] + tr(Gt)



LH.tl is affine -MX

glzt-tnf-f-HGH-brttitlto.ro
- w otherwise

I

Max . trlbz)
sit. 220 ( St)

#
-

-Sk zzsko

trttiz) -14=0

piled if primal spp is strictly feasible

• Complementary slackness for generalised inequality
assume p*=d* attained at htt , di Vt)

folxtkg NM

= inf[ folk t EMI filk t ? Vi - hill ]
⇐ folk-41 t FA!

'

fit t E.v. hill )
⇐ fo HH

i . Hitfix*to

Ai
"
>** O ⇒ fi ⇒ filly go.to ⇒ Aiko

- KKT condition for generalized inequality .

filk) to
hilt) -0

disk.io

Ritfilxtko
tfolk) t ? Dfi Ai t Fut

- ThiKY →


