
Lec 5 : Optimization problems



- optimization problem in standard form

minimise folk
subject -to . fix) to Kh - ' 'im

hill) =0 i- l . - "if

X Elk" is the optimization vars

fo : R
"
→R is the objective

f- ii. Rn → Ik are the inequality constraints

hi : Bi -' k are the equality constraints

optimal value
p# = THE folks I fillko . hi Hkd

p* = too if the problem is infeasible
p
'
= - w if problem is unbounded below

. optimal and locally optimal points
X is feasible if x Edom f and it satisfies the constraints
a feasible x is optimal if full =p' : Hope is the set of optimal points

x is locally optimal if there is a Rso such tha x is optimal for
Milf . fit)
s . t . f. A) to hilt) to

112411k ER

- Implicit constraints
the standard form optimization problem has an implicit constraint

X G D= Adom fi n Adom hi

D is the domain of the optimization problem

g. min. -Z log ( bi -aim) ⇒ implicit constraints : ATX - bi



- Feasibility problem
find x

subject.to. fill to
hilly ⇒

I

Min. O

sit. filxko
hill) -0

p*=o Tf problem is feasible ; any feasible x is optimal
p*=o if problem is infeasible

- Convex optimization problem

minimise full
subject to fill to -1=1 , - - in

ATX -b : ich -
"

if
fo . f . . . . . fm is convex

equality constraints are affine
( problem is quasi convex if f is quasi annex) ( fi . . . .fm an context

feasible set of a convex optimization problem is convex

g
. Min . foul -- xitxi min .

Xietxi

Set . fill = HhHH
'

) to ⇒ sit . X , so

h , all = HAK 5=0 XHK-0

Hu H

not a cut ope problem is a aux opt problem
fi is not ax
h. is not affine

- local and global optima
any locally optimal point of a aux opt problem is globally optimal



-

optimality criterion for differentiable fo

X is optimal # X is fgaslbk and IfHIT ly -H to for all feasible y
'

'"""

if non-zero . If defines a supporting hyperplane to feasible set X at x

for all xytdmtfupaf.at#fouiut"
✓ fry in the half space

f- up a fan since Ff ashy-H to

g. Unconstrained problem
IfWythe for all by,
I

gt z
-

- o for all t
w

tf to

g. equally constrained problem
smin . flyit . Ax--b

X is optimal Tff there exists a use
""b

X Edom fo A x-D If. Htt ATV -0 µ
%..

""" "

*¥:*::*:
"

:*::*
. i x

Ffow has a non- negative wth eagerly in
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. Tfw = HT. U

of Minimization over non- negative orthane *

Ms!: to

'fig" train.
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If x so

if THIN : so , make zit tow flxidl -_ full -H
tf HITZ-x) = -w TLx = Tfw -A -0

i
. Ffa to A- Ffa)
If to

{ ¥f¥*⇐o ⇒ TfH"Xi=h complementary

- Equivalent convex problems

Two problems are equivalent if the solution of one is readily obtained
from the solution of the other , and vice-versa

1. Eliminating Equaling constraints

min . folk)
S -T filk) to Kb -" im

Ax -- b

#
min . loverly fettttxo) ( columns off span the hall space of A
se . f. ( Fztko ) to ith -

- ' im y . is a particular solution of Axeb )



untrodhang equality constraints

min . ffltoxtbo)
fill:X tb; ) Eo it , . . ;M

I

Ming, folyo)
f- ily -Deo
yi
- I:X tbi

3. Introducing slack variables for linear inequalities

min . folk
St. aix Ebi
II

im!Y, folk
St ATX t Si --b : it. - " im

f. 70 i -4 . - - im

4. epigraph form

Mine, t (minimizing a linear objective )
Sti folk -t.CO

f. KKO
Ax=b

5. Minimising over some variables

min
. folk .lk '
sit. film) so

I dynamic programming preserves convexity of a problem

min . folk )
sub fi H ) so folk) = inf folk.lk)



- Quasi convex optimization fat

Min . foul
Sit . fill to
Atb

fo : R
"
→ R is quasi convex , fi is convex

can have locally optimal points thats not globally optimal

1. Convex representation of sublevel sets off
if fo is quasi convex . there exists a family of function ft such that
- folk is convex in x for a fixed t
- t-sub level set off is o-sublevel set of foe

folk El # At to

Y '

fo = tight, nontugatineoonuex
positive concave

= quasi annex

with pad convex . gull concave . pull 1gal Et HH set of x convex ?

palko gull so on dem fo II

pull - tlqlxko
take off = put - tight tf

④

PINK Et iff pull - tlqll) so

i . quasi convex optimization via convex feasibly problems
0/114 ) so

fill to
Axed

for fixed t, is a convex feasibly problem in x

if feasible p 't Et ; otherwise p
* He



3
. Bisection method for quasiconvex optimization

give kept , wept , the 70

repeat = Luv ,k ) exactly hy.la-htt ) iterations
solve feasibility problem
if feasible U--e : otherwise lit

until Lu-DIE

• Linear program LLP)

min . axed
S -t. GX Eh

Ax --b

annex optimization problem with affine constraints and affine objectives
feasible set is a polyhedron

¥
"

g. piecewise -linear minimization

min
. Max laixtb)
*

min . t

so a.**⇐

J "
g. chebyshev center for polyhedron

Chebyshev center of P -- Ext aix ⇐ bi 3
is the center of the largest inscribed ball B -- { xctul Halker)

*



aixsbi for all x EB iff
sup faitHota) Halker ] = a:*

-i r . Hall. e-bi

Maxi . r

Et aiTX t r. Haik ⇐b .. } Hwan programming


