
Lec 2 : Connex sees



- Affthe set
all points on a line through Xi Xi

X -- O Xt HOH-

.

g. solution see if Ex 1 Ax--b}

- Convex set
the segment between Xi Xv :X = OH t KO ) Xv DE lo, is

convex set : contains the segment between any 2 points in the see

Xi Xi E C OE 04 ⇒ OH TH- O) Xv EC

g. convex sees .

÷ t 7

L w
aux non -Wx non - ax

. convex combination and convex hull

convex combination : Xe OH #
-

" t OnXk IO; -4 O; 20

convex hull :
WMS : see of all convex combination of points in S

' RE
Connex hull of a ax set is the set itself



• Convex one

conic ( nonnegative ) combination of x. and Xv :

X- OH ,
t Ork O , to Auto

convex cone : set that contains all conic combination of points in the set
any ax one has to be a

aux see

.

-

Hyperplanes and halfspaces

hyperplane : Ext a
*

ex --b } a-40

#halfspace : sxlatxeb's a"

If I
a-'*b

hyperplane is ax and affine
half space is cux

Atx Eb

° Euclidean balls and ellipsoids
Each deal halls with center Xo and radius r

BLK . t) = { xlkx -Kolker 's = Ext r- U l MAH }

Ellipsoids; × , ( **j . pay -we , } wrote PE Ski LP symmetric . pd )

p-- UAW .

- U AUT
T

X -K) - UN - U# (xx)
other representation : Hot Aul Mlk ell = Vint v

k UTH-Xo) = Ut AHH

where U is the normal axis



- Norm balls and norm cones

norm : any function that satisfies
• INN so HHar iff x -no
• NHL = Itt - that for took
• Atty H e MH t Hy H

norm ball with center xu and radius r
{ xlix-Kher}

mmmm,

#
om banning

norm Ahl ..

{ Htt l lHH Et}

Euclidean norm cone is

called second - order one

worm balls and norm cones are ax

. polyhedra
solution set of finitely may tmear inequalities and equalNes

Ax Eb lead

a 5

polyhedra b intersection of finite \ Ya,
number of halfspaces and hyperplanes #a.tayhas



. Positive Sene- definite hehe
Sn is set of symmetric nxn matrices

she is set of symmetric semi -def maths ( X b SI EX tho )

Xi E SI KE SI O. Xi TAKE SI for Ahe Oia
S4 is a ax cone

SH Sei of symmetric def ma
-trues

It
,

es:

Operations than preserve convexity
' Intersection

intersection of any number of ax see is a Wx set

- Affine functions
suppose f: Rn→ Km is a affine function fun = txtb

the image of a cvx see under f is cvx

SER" ax ⇒ fo - { full Hes } is ax

the inverse image f-
'Ul of a ax see under f- is ax

( e kn ax ⇒ f -ku = Extra I fail to } ax

of scaling . Translation . projection
solution see f linear matrix inequalities Ext Xi -A -

- - * Xn An EB} Ai ,B ESP

f-HI = B- bad
= B - Xi Ai - - - - Xuan f-

''

(SH) = Ex ER" I B- A ES! }
Ai

, B E SH is a ax set fx I AM EB ) is aux



g. hyperbolic one
A- { It , a) I *Heu , um} is a cvx one

f-* =L :
"

I

{ xlxtpx e CEXT , CTX to ]

= { x I fall =D )
f- is a affine mapping
Ex HAKA ] A is a ou, see } Hlf

*) is a wx see

• perspective and linear - fractional function

perspective function p : Rn
"
→ Rn

PK.tt = Xlt damp .
.

El# Itso} II] ⇒ I

images and inverse images of convex sees under perspective functions are convex
rig

.

*

-*
#

linear fractional function ( generalisation of perspective function )

fail =Ff¥Td dom f -- Ext exed >is I F.) xt Ibd)

images and inverse images of convex sets under linear - fractional functions are ax functions

projectthe interpretation

a- IF. bd ) Elk"""""



A - LY] = [Atb Exed5
'

PAK {tilt . D Itso] ERM

""

.÷¥i#'

P'( d. pm )

Generalized Inequalities
- proper bone

A Ux Ake KEIR is a proper cone if
k is closed ( contains its boundary )
k is solid ( nonempty interior)
K is pointed ( contains no line )

Y '

nonnegative orohana k
-
- R: ¥1

psd ane k -- s't

' Generalised Inequality
generalized inequality is defined by a proper one K

XEKY ⇒ y-X E K Kk y
⇐ y-X E

-

M-HH

yl . component-wise Theqhulhy Lk Kh )
x try ⇒ y-x ER:

"

g.
. Matrix theyhating (K -- SH

X t 's ⇒ T-X is fash



nor a total oday x#Y and Hk 's µ¥¥
. Minimum and minimal elements

XES is the minimum element of S w.r.tk if
y Es ⇒ KH

Xt k

HR: all ate more

x ES is the minimal element of S w.r.tk if
YES YEKX ⇒ yex

- *: none is less

x- K

'

Separating hyperplane theorem

if c and D are dis -print ax sets
,
then there exists ago

ATX Eb fr Xtc and ATX 2b for X GD

go.
a-'x--b



• Supporting hyperplane theorem .

supporting hyperplane to set C at boundy point Xo
{ xlatxeoixo 's

when a-to and ai e atx. for all XEC

0µA
if c is a ax set . then there exists a supporting hyperplane ai every boundy point

- Dual bone and Generalized Inequalities
dual cone of a bone K

Kt -- { ylytx so for all xtk 's

-

ly k = R: Kt - Bit

of
k -- SI KK -- S! (inner produce f s mais <x. Y> = Tr HY'T

suppose 4454 , the there exists some folk
"

qty g
-

- tr Lqg't 4) do

X -- 9g
' ES't ; truly) co ; yet j

i
, if Y 454 i then 74 T

suppose X. YES't

Kamet = Eat .. qq.it (di se )
tr HH = tr ly . E. ai qq.tl = ¥, di . g.it Tq, so
i . YE SHH



ey. k-EH.tt/llXlkEt3kt--kleudideom-homGne)

g. HECHT)
/ HH . Et ] kk-EH.tt/llXHwst's

dual cone of 2- norm cone is Inf-norm Ahe

WH -- k tf k is a proper Ahemummy

dual one of proper cones are proper . heme define generalised inequity
47k¥ O ⇐ YTX 70 for all Xsko

k

- Minimum and minimal elements via dual inequalities

minimum element writ
.

K ( all are more I

µx
-

is theminyanim
element of s ¥1for all k¥0 . x is the unique minimizer
of Mo overs

( project S on R )
→A

minimal element w.r.tk Inone is less ) µ KIKI

x Ts a minimal
H

'd'

for some dsk* o . X minimizes Mi overs

if x Tsa minimal of a CVX sets , then there exists a dat 0 A -40
such that x minimizes Nz overs



- optimal production frontier

minimal writ Mt

µ¢#


