


- Unconstrained minimization

min . full
f- convex . twill continuously differentiable ( hence dom f open I
assume pk Tff fall is attained and finite

solve optimality condition : TAKI -- o

L
.
initial point and sub-level see

x
" t dom f
s -- Ext HH tf } is closed ⇒ { hard to verify , except when all subhead sees are dosed :

equivalent to the condition that i efitfl is closed

g. fuk by -2 exploitxtbi ) true if dom f -- R"

domf-= R
"

true if fall too as Ks boundy ( domft

ey . fail
=
- E by Ibi-aid

domain is an open polyhedron
bi - aix → o as x -s boundy

* Strong convexity and implications

f- is strongly annex on S
-

if there exists an mo such that
If EML for all xe S

f-up = full t FfaTty- H t 'k ly-HTT'tIt ) by-H for some t Etty]
fly) t full t TANT ly -H t Mk Hy-Ni

f- up a full t TfHH ly-H t mk Hy-Ali Iyo Tifa t m thtHI i -- o

s fast #fixity-H t mk NT-Nti F -- -7¥ ex
= fun - Yum Httfull:

full - p't ⇐ km Httftxllli ( stopping criterion )



* Descent methods
XK" = X" t t'" - ok

"
with flx""l l f- ( X")

ox is the search direction ; t is the sap size

from convexity . flx"
-" I s f H'"I Implies that Ffi ox co

search

"t""

directions v

- Line search
L
. exact line search
f- angry fattoy

2. backtracking the search ( with parameter at lo , Kl Beloit )

starting at ft . repeat t :--Bt until
f- txt tox) L ful t hit . F-fatal fat tox) a fun to#facial

text tox,
will moan by convexity

it
at#xiox

f- Htt t . FANTA

• Gradient descent method
ox = -Tfw
giving x

" t dont
tefuar {

OX i =
-Ff all

line search to choose t
X : = Xt tox

]



Stopping criterion : *faith ⇐ t

convergence result : for strongly convex f
f-W) -ft s Ck ( f -ft)

CE lo, t) depends on m, X" and line search type

• Steepest descent Method

1. normalized steepest descent direction
oxnsd = anymin { IfHIV 1 HUH =D directional derivative along xttu

f- AHH = fHH TfHIV for small U
oxnsd Is unit - norm step with most negative directional derivative

2 . unnormalized steepest descent direction
oxsd = HFf IHH# - oxnsd HAHAHA -- swap { E'Ffhill #f- I }

IfHtt oxsd = - Httflxllk

Gradient descent is steepest descent in euclidean norm



g. Quadratic norm
Hxllp = ( XTPX)

" (Ptsd
.

- p
"
#fail

ma' tip
-"

use

f-HI =L

out - p
't

- Ff ( p
-"

u ) = - p
't
. If LH

sansD= - P"' . Ffa) / H -p
'k

- Ifad th alsa = - P
'k

. Ifk)
=
- P "- affix) /#HIT p Ffu1)

'k

oxnsd -- pit sound Oxsd = - P -FfHl
=
-p
-t.TW/fyflxTp-ufuD '"

ey. L , norm

#÷x:""
""

oxnsd = -sign ( Fa. ) - e; i -- agm.

" HII
steepest descent in Ll : update I component each step

3 . Choke of norm for steepest descent

want the norm to be consistent with the geometry of the sublevel sets



fan - fatty + FILTHY t HIT' Tif HIM
O

subtend sees an ellipsoids ( f is nearly quadratic ) near the optimal point

armysteepest descent in the norm induced by the hessian ⇒ Newton 's methodhmmmm

•Newton step
oxnt = - F'fait . Ffa,
2. interpretation L"

X toXm minimises the second -order approximation
f-Htt = faithful

-

V t k v
'

F'fad V
ve
-#AHHH"

*¥
2. Interpretation L ( xtoxn! flxtoxne )

Xtoxnt Solves the optimality condition-f'lH=o

IfKtv) I Ifk) t F'fly - V '

to
•

lxtoxntfhxtoxntt)

3. interpretation 3 .
Steepest descent in local hessian norm

HUH#fix, = ( ut #Fatu)
"

4. Affine invariance of newton step .
Suppose fly -- fctyl TESH

tftyt -- T
-

'

IfHl F'full = TTTFHH tfup ⇒ fan gradient method

oynt = -ITTIHAD TT
. T
-

'

Ifk) needs proper aordinaa

= - T
- ' I'faithful

= Tt Oxnt
Xtoxne -- Tlytoynt ) newton step is independent of choice of coordinates



5 . Newton decrement y

Nxt = HfHT#fateful )
'" the hessian -norm of gradient

" gives a estimate of decrease
f- Ht - tnyf fly I fun - fix to Xm)

dine = -Tift"
"

tf"

=

-FfIII oxnt
- Ik OXNE' I'fhxloxnt = lkoxne full One

Hufuf Tift
'

Ifad = Ik Nxt

• Newton 's method

given a starting point xedomf . tolerance to
kfeat E

compute the newton step and decrement
OXne = -I'fan-' tf LH
k = If I'faithful

step if Ik EE
line search to choose step she t
X : = Xt t' dlne

}
change coordinates

min . full ← min . fHy)

I new-ton I new
-w

"
"
" ' ""

¥g÷÷.

. . . y
.. ) Htt. - invariant

commute diagram

. Newton method convergence analysis
Assume f is strongly convex on S with constant Mso si. IfHHML.
If is Lipsohitt continuous on S . With constant Lso

III
'

fun - Tfup the L H x-y Ik ( affine transfermain champ norm ! ! ! )
L is a constraint on third derivative ; L measures how well f is approximated by a quadratic function
( L can be taken 0 for a quadratic function : newton method works perfectly usurp for quadratic function )
( when the 3rd derivative is small , i.e . the hessian is slowly changing . Newton method works wed )



there exist constant Dt Lam44 . No such that
certain constant

if It If all Ik Sry , then flx" I - fl X "
"") 78 When gradient large . guaranteed to demean by a

if I THINK <y then

them. H Ffhi"" Hh e ⇐ HAH# Ill.)
"

L
. damped Newton phase l lHAHA Sry )

most iterations require backtracking steps
function value decreases by at least r each step
if 7*7-w . the phase takes ae most ( fam -ft )ft iterations

2
. quadratically anlageat phase ( IHHH they )

all iterations use step size E-I
Httflxllk converges to zero quadratically : if H FfH'"11kg . then

4am. Htt IHH El 4am It Ffl Ik Y
"

⇐ 414
""

lls k l
-

number of accurate digits dobbs every step.

Number of iterations until full - p* It is bounded above by :
f-Hell -pt
g-
t log. log . Holt )
-

first stage :

depends on how suboptimal x" is

g. in

iii.nm::: :

; ::S:
"

:
"

,

each Newton step computes the -g




