
Lech : Application .

Statistical estimation



• parametric distribution estimation
chase from a family of densities pxcyl . indexed by a parameter x

* maximum likelihood estimation

may . pxlyi

Y is observed value
lull = log Px 141 is called log- likelihood function
May densities are hog - concave Lin x us . in y l

can add constraints x to explicitly , or define pays to fmxek
a convex optimitation problem if Ivy Alys is concave in x fm fixed y

of linear measurement with UD noise

yi
= aix tu,

XE Ri is the vector of unknown parameters
Vi is 2lb Measurement noise

,
with density pal

Yi is measurement : Yi has dens-
my pay, = II Ply -i - atx)

Max . UH = F hyp ly i - aix ) ( need p to be by- concave)

g. Gaussian noise Mosby : pay = '¥ - exp FEE)

but = E. by Kyi - air ,
= m.ly#r-zf.EiLyi-a:x5

hmmm

least -square is maximum likelihood estimation with Gaussian noise

of Laplacian noise p = ta - exp C-Hla ) ahhh:hahaEgan an

llxk E. hey [ hat -

exptlyi-a.mil/aD---mtogkal-taElyi-aixl
minim 't thy 4 norm is Mk with Laplacian noise



ey. Uniform noise in E-a.a ]

l IH = { Iwm by a laitx-y , ⇐ a
otherwise

Mle estimation is any x wah laitx -yi Ka ( feasibly problem )

g- penalty function

⇐ ⇒

penalty function noise distribution

( uniform center and exponential tail )

g. logistic regression
random variable ye Ears with distribution

p -- prob ly=D = explain -161/-1 it explainth ] €
a.b are parameters .

UHM are observations
estimation problem : estimate a.b from lungi)
( y, = - -

i = 4k -4 Yea = - - - Ym -- o )

uan -- yl II 919151¥:b, ' Iii.ie#pau..tbl--E.laTUitbl-E..logLHexplatuitbD
concave -in a.b

Pwb UH -- expautblfu-eqcau.in,
b Anthis the heard point
a controls the stretch



ey . Covariance estimation for Gaussian variables

suppose YER
"
is a gaussian random variable

Elysee Realty) -- Etty
,

prlyt-pjnk.lk exp l - ¥4 ) Kesha

UH = E. log Plym

= -m.IE . Ugwu tzlogdetlkl] - EE Yi' K'y;
sample variance

= -m [E - hogar -I lkloydetlkl ] - E tr ( K
'

Y) * Ym . ?yiyi is the

let so R
"

I the information matrix)
=
- ME . logan t Mk log det s

- En tr (S3 )

is concave ins

Max . logdetlsj - tr 691

P NO constraints on S

Max logdetkd - trK's)
St S E Snee 15=127

Is bydetox -artsy) = St - y ; ⇒
13--5=7 if Y Este
the problem is unbounded below if 44 See

if there's no prior assumptions on R,
then Mle estimation of Ris sample covariance



• maximum a posteriori probably estimation .

( a bayesian version of ME I
assume that X l to be estimated) and and y lthe observation) are
random variables with a pint probability plays

the prior density is given by pxlxt-fplx.ysdypyoyj-jplx.gsdy
pump

the conditional density is givenby pyixlylxl = put

Imap =argmxaxfxiylxlyl-aymaxpxiylxlyt-p.gl
= ay m×ax of Hip
= ay my pyx ly Ix) - pl" taking prion knowledge of x into account compared to ME

ey . linear measurement with UD noise

y; = ai'll t Vi
Vi Ak

-lid noise with density fu on R , X has prior density fax on Rn

plx.yi-pxlxl.IT poly.. - aix,
Hu

Max . log ya. t Ein log poly ;-aix )
when Ui is uniform on Eaa] . and the prior distribution of x is gaussian

Myx log Ignatyev expf-E H
-ITE

'

Ix-II)

Srt . 11 Ax- bHoo Ea
H.

Min
.
K-II - I -4*51

Sit . HAX -btw Ea

g. MAP with perfect measurements
HER" is a vector of parameters to be estimated , fox
have m perfect , noise-free measurements f-Ax

Max . logpxlxl
Sit Axe y



' ( Binary ) hypothesis testing
1. detection ( hypothesis testing) problem
given observation of a random variable Xt El . - - in} choose between :

hypothesis I :X was generated by distribution p-- Ip, - - - pm ) tip -1 Pso

hypothesis 2 : X was generated by distribution g-- Iq, - . . gal Egil Ho

2 . randomized detector
a nonnegative matrix THE

"

.
with IT=L [! ! Yo

, ]
if we observe Hk ,

we chose hypol With pbb Tik , hypos with prob Tak
Tf T has all elements o or L . Its a deterministic detector

3 . detection probability matrix

D= TIP: H = TTP Tg] = If'
' ftp.n)

Pfp is probability of choosy hypothesis 2 when x generated by distribution

leg. Multi criterion formulation of detector design.
Min . lwrr.tk) ( Pfp , Pfn ) = ( tph , Hgh )
St

.
Tik the -4

tik Zo §Hu
Min

. Hpk + Kgb [ JL )
Sue . Tik-Tok = I

Tik to

Hk , Tu. ) =/
"" Pk Sd- ft

a Lp with a simple analytic solution to, D Pk chalk

• a deterministic detector . given by a likelihood ratio test ( PYGK Id )
. when A-I ,

it's minimitty Pl big wrong) ⇒ maxi plbiyryhe) Liu LEI

Y- minimax detector
min

. Max { Pan . Pfp} -- Max { Kpk , AND
S-t . Tik t tuk = I ti k to

a LP ; solution is usually not deterministic



• Experiment design
m linear measurements yiaitxtw, of unknown X t kn

wi u Ntoil) itch

*Toy,

A

lease -square estimate is : I =L Faia..TT?yiai

error e -- I-X has zero mean and covariance : E-- EE ee
'] -- ⇐ aia.it

'

-I

* *Akey
= #A lbxtw)
= #At

' K'Axt *AIN
'

w

-
- Xt HAT' K'w

ELI] -- X lw~NIO.lt)

ETH-Hui-XII = EINEN-' btw) - CHEAT Atwill ]
= *AT

' At EIWWT] - A Hip
-l

E = HAT ( if A large , then it has high signal -to - noise ratio , so covariance small)

confidence ellipsoid is given by .
. Ext H - ITE' LKKKB}

experiment design : choose a see of possible tests to make E small
{ choose a; for mi times E.mi =m }

of sensor a, has the highest signal-to-noise ratio .

if chose a, for two times and no other a; .

Then Ea:ai
'
is not invertible crank D

H

min . lw.tt SI ) I=¥e, Mk - VK.VE I
'

5. t. Mk Zo M, t-
-- t Mp em

Mk E Z

( hard to solve due to the integer constraint )
Hi



relaxed experiment design
min

. Lw . rt SH E -- Ym ( t, No . Vava
')
- I

sit . No

"" toga.⇐,

€'
EM

common scalarItalian :
.

THE)
,
XanaxEH

g. D-optimal design
Min . logdet LIE, drunk'T

'

St Rao IN (miniMitty the volume of confidence ellipsoid )
H .

Mtn
. lgdetlxtt

sit . X=÷E, No Vicki l -4 4kt Rn )
AN ITH
IN 1B)

11kHz
, G -- logdeelx-YttrfHX-E.dkUNIT) - Mtf (L' All

= logdetlx-bttrlzxj-trlz.KE.AE )) -Mtp that )
⇒ogdetlxt) t trltxl - TEAK . UIZVK - E. dkdkt-EB.dk - p
tog del HY t thtH t EaNol-UIZVK -Latos) -B

gld. -2
, f) = info:{ Llxid . 2- B) ]

A

= flog
dei ttrlzx) -B -viz Vi -di tf -no

-co otherwise

Fx bydetlxttttrltxleo
-X

-'

t Zo E- Xt

i gk.z.pk/loydetZtn-f-U.TtVi-htp-r-w otherwise
A

Max . logdet 2- tn- B
sie . p- Vitt Vigo

H w -- UBI - t



Max . lydei wt my p th-p
se . v.TW V; I

µ .

Max nlyf -B oven p : f- n

dual of D-optimal
Max . lydet W t n by n
se. view us 4

EH xtwx 43 is the minimum volume ellipsoid at wgn thou
includes all test vector v;

complementary slackness :
far aw that's a primal-opened - duh- optimal pin
di l l - VKTW Uk) --o


