
Lec 10: Application
approximation and

fitting.



* Norm approximation
min

. HAI- bk ( HH is any norm)

geometric : Axt is point in range That's closest to b

estimation: linear measurement model y=AxtV
optimal design : X is design variable

.
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• penalty function approximation
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ey . Huber penalty function l with parameter M)
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linear growth for large u makes

approximation less sensitive to outliers

• outlier
haben estimate

-
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least -square approximation ,
sensible to outliers since the boss fame -oh tales square of error

B.
Least norm problems

min. IHH Hill is any worm
sit . Atb AE IR

""
M ten

geometric : Xt is a point in affine see ExtAtb} with minimum distance to 0
estimation : b --All are perfect measurement of x : Kt is the smaller estimate consistent Whn measure

design : x are design variables ; b are constraints :X* is the most efficient design.

of least - square solution of linear equations

min
. Ikki
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Thx = 2xtheTv

Id KKT condition
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g . sparse solution of linear equations H - th

Mtn
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g- least- penalty problem

min
. 4Hilt . - - + fan) 8 : Mlk is convex penalty function

sit . A#b

• Regularized approximation

min .
1W . rt RH (HAH-BH , NH)

At Rm
"

. can be d'Atum norms for 11 Ax- toll and HXH
find god approximation Ax ab with small x

six of x is related to the sensitivity of Ax to uncertainty in a
estimation: linear measurement model y-- Alto ,

with prior knowledge that NH is small
design: small x is cheaper or more efficient

scalar
-

ked problem
min . HAX tbh tf IHH

Tikhonov regularization
min . HAx-blk t SINK ⇒ min . H IffIx- Ibo) Hi

x* = ( heat 821
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beg
. optimal input design

consider a linear dynamical system when scalar input sequence UH .

- - i. UHH;

output sequence Yuli Yul . -
- -

Y HH i impulse response has . - - - H1N1



Multi Criterion problem with 3 objectives
2. tracking error with desired output : Itrack = End yet - Ydes H1 )

"

2. input magnitude : Jmag EEE UH'

3- input variation : Joan = Eai (UHH
-UHH

"

Min
.
Itrack t 8)der t D ' ] may

• signal reconstruction

Min
.

1W . rt Rt ) ( thx - xwrtk . fail )
x ER

" is unknown signal
Xwr - X tu is lknow) corrupted version ofx , with additive noise u

x is estimate of x
01 : µ→R is regularization function on smoothly objective

eg . quadratic smoothing . total variation smoothing

ofquad UH = ME Hit - H
'
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quadratic smoothing hoses the jump total variation smoothy
preserves the jump

• Robust approximation
min

.
HN-toll with uncertain A

L
.

Stochastic approach
assume A = * TV where U is a random variable ECU] -o ELUTU]=p



EHAX-b ki -- E H Ix -btuxlli

= ENIX -bHit 2E HIX-b)TUX t E Nxt Ux

= HIX -blk -1 XTPX ( quadratic regularization)
Hu

Min . HIX - bHit Kpk idk
x# = LIFE + pH A- Tb

(fun 17=82
.
it's the Tikhonov regularized problem. )

min HIX-Hit 8111111: Uig ane -mean ,
variance Hm

2. worst-case approach
A-- { It UH, t

- -
- + Up Ap l Hulk et) la ellipsoid : an unit ball under an

affine mapping l
H from euclidean into matrices space

Min . Sup*all Ax-BE
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• worst - case approximation ( detailed)

describe the Uncertainty by a set of possible values for A : AEA ERM
"

( nonempty and bounded)

worst-case error : Ewe -- sup { HAx-toll l HEA } I always a aux function of x)
min. sup { HAx- bit HEAT

g. comparison of stochastic and worst-case robust approximation
consider the least - square problem

Min. HUH -btl Alak DotUk

U is an uncertain parameter.

I
. Finite set

1- = {A. .
A -

- - Ak }
He equivalent

min qyfzllbx.to H # min . sup { HAK-bill AE lonuexhullllt. . . . Did }

I . epigraph form
Min

.

t .

se. HAH-bit et ( soap for Hk ,
LP for htt, and HH . )

2 . Norm bound error

here the uncertainly set A is a norm ball Matrix norm

A- E Ital Hull say
" AHP = s:p EH AHH I *ftp.t )

Ewe = HIx -bttlxll / #ka}
Max Sigmar value

-f pie

lie . euclidean norm on M . Max Sigmar value on RM
" )



Manx. HIX -b t UXH
HUH . ⇐ a

"

( Max Sigmar value )

* = a . Tiffani
.

H Ix - btuxlli

= ( Ix -b tax )
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( IX - b tax)

= (Ix -b)
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3. Unertainty ellipsoid

describe the variation in It by giving an ellipsoid of possible values for each row

*HI I late:}



E. = { ai t pi U l NK 'll

allow pi to have a nontrivial nullspaa

say!! laitx - bit = sup { laitx -bit Hutx I / Hulk et }
= sup { tail x -bi

t Utpitxll / Hulk El }
= Idi X -bit t Hpixlk

ewclxt = sup { HAKblk lait E:3
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Min Kuk
se . taitx - bit + Kpixth Eti

Hu
min. Htt
St ATX-bit ftp.ixlheti ( so CP )
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4
. Norm bound error with linear structure

A--{ It UH, t - - - t upAp 1 HUH } ( a norm ball under an affine transformation )

Cwc =S¥¥ HAx-bH
l h generalization of norm bound f-EatUI Kuki}

= fff,I, H LI tutti tu - - t up Ap ) x- b H

= gawk, HP a t quilt ( put all Alyx - i AMD HH Ix I] I

g- robust Chebyshev approximation
min . ewdxt = shaft's , NI tu.At- - it UpAp)x - blue



= fluff. H Pudu + UH Hoo

= May chuffs, ftp.ilxtu-9iklll
= Mfk ( ftp.lxllh-gilxl )


