
·

operator
Definition :

let X and I be subsets of Hilbert spaces an element AWEY
ar

an operatin is a mapping from XEX Ea set of element AN11
denoted A: X = Y

ey . gradient Df : REIR"

subdifferential of : IR = I

Relation of A is [(xiy) : XEX
.YEANS

eg. ENY) : NEIR
,YedfMl3

& WAX) : XEIR") where HER

can define generalized equation : AN =0 Not AN

·

operations on Relation

letCe*** SIX ** be relations
inverse:(" = Ey,x) : Kyle()
composition : C . S = &Wy) : Ez Sit (. z)t5 , (zy) + 23

scalar multiplication : <C = [Wxy) : Hig] =23

addition : CS = EWy+ z) : Hig) EC
, NESES]

resolvent : (I+XC)" = &HAy,x) : NYSEC)

eg . if f is closed convex proper .
Then (JA)" = of*

(y) <(ff)" XE Ofly)
E> of X-fflys
E
ye anymax Evix-flus

= ye ff#(x)

= WySE of
*

(x)



· Monotone Operators
Definition : (Monotone Operator

A relation / operator A is monotone if <X-U,-r> 10 * W. y) , (v) E A

eg. Suppose f is differentiable
& annex > [(X.N)) is monotone

(7)

fly) - f(x) + f(x) (y-x)] [xf(x)- x f(y)][y-x] -0

f(x) - fly) + </flys" (x-y)

#) # Ny , let Y(t) = f(x++y -X) tElO

&(t) = +f(X+ +(y-x))(=x)

[(0) = yf(x)" (y-1)

Fits - Fios = Exf(x+ +cy-+3) - iffis]" [yex]
= Exf(x+ +y -x)) - Tfas] t . [x+ +ly-x) -x]

20 Since of is monotone

flys-f(x) = S'Fiesde = So Food = fMily-x)

ey . similarly fanvex => [Wy) :yetfus3 is monotone

Definition :

A monotone relation C is maximally monotone if
there's no other monotone relation containing (

eg. If is maximally monotone if f is annex and closed



· Proximal Operatin
Definition : (Proximal Operaton)

the proximal operaton is defined as

prox(Xith) = anymin [hm) + zIm-x123

Eg .
hm) = Kull ,

proxHith) = aymin Scul , + zul]

prox(xith) = anymin[(uil + Iti-Mi)) OEGUE + ECUF-Xi)

if U30
, 0= HELUF-Xi) UF = X:

-+ > 0 Xi >t

if U * 10
, 0 = + +Eu-1) U ** = Xi + +Co Mi <-t

if U :* = 0
, ElUF-Xi)cEt1] Hit = P Nic[tit]

[
Xi -t if Xi > o

prox(Xith) : =

Mitt if Nic-t

O if Xi Ftst]

Eg . UN = EXPX + giX + n

prox(xith) = arymin &Enipu + gir + ElA-Ull)

# = Pu +g + E(-x) = =0

u
F

= (tp+ 1)"(X-tq)

Eg. Indicator Function has = Iclus =E
Proxith) = arymin [hms + El-UI)

= anyMiEX-U
= projc(x)

Eg. UIX) = <G X) - 2 . Loydet(X)
Prox(Xith) = anymin[(2, PS -aloydet(p) +clx-pIi)
#p = c - xP" + E(P- X) = = 0

(xp" - EP) = c- X == XiUiU let B= O: Mili

-



Theorem:

let If be a closed annex function
of be the sub-differential

then the proximal operaton is the resolvent of of
i

. e. ([+ Xf)" = prox)- xf)

(U,VS @ (l+Xof)
+

(v , US t I+ Xof
Ut v+ X ff(u)

Of AfIrs + *(v-u)

v = anymin [f(x1 + [x1(x-ulli3 =

prox(ixf)

· Moreau Envelop

Definition : (Moreau Envelop
M(; th) = infShu) + -UM

(when his anvex , his + E -U is strongly convex

Eg hous = In/

X - t if x3+ Mixith) = (x- t) + t (X- X++= x-E

↑prox(ith) = x++ if x<-t MNith) = M+t) +z( - X-t= x+

0 if XtEtst] MWith) = 10 1 + z Nol = Ex

I
M(; +1 : 1)

-
>

X

Theorem :

suppose g is annex . ** = anymign) => X
*

= prox(x*ty) + +>

(= ) y
+

= aymimg(x) (E) x
*

= aymin(gm)+ ct/1u -x
* 11) * +>

g(y = g(x) *X
of 6g(

*) + E(X*
-X

*) * +>

g(x
*) + z((*

-** (1-g() +c))x*-x11 *X , to

x* = prox(X*, +g) * + >
Of (g(

* )



Theorem :

MWX; +y) = infEgus + -11) is differentiable
#x MWxity) = = (X-prox(xity))

# XEIR" U
*

= prox(xity) z =Ex-U*)

let rus = Amutg) - MNity) - riz annex in r

= inf[gc + zllv-x-ull) - MWity) - viz

=> glu
+ ) + it 11u*

-X -ull - g(+)
- zlu*

-x()- uiz

= It [I - 2v(U*-x)] - viz

= It lluck

r(0) = 0

r10) = riE-E) -

> Ev(u) + ErEU) = -z = r() = ItNI

ru) -- ErEU) = -zElul &
Lim
IN+ Quey-MAxity) -CONS"z1

= himO

thus MWity) is differentiable and EXU
* ) = Elprox(ity) is the gradient

Theorem :

gz) and MC ity) has the same minimizer

X
*

= aymin gN)
=> X

*
= Proxy) #+30 Es *M(* ty)=0 * +>0

Theorem : (Moreau Decomposition
* = prox(xif) + prox(if #)

primal viewpoint
M(Xitf) = inf Eflus + zIN-Ulli3

= zEIAI + EnfEfiul+ zEIMIT - Exin) = TMMitf) = E(X-proxMitf))

= EM -ESUPEXin-Lefins + EIuli)3

= zlII- Ell . in + tf()) *
(x)



Dual viewpoint MIN flu + Ell

M(xief) = inf Efcus + zeAX-UIR) Sit xU= z iv

= Sup[-f*(U) - EINIP+ vix] 2(U,z, u) = f(u)+ zlzl + v (x-u - z)

= (f*+ Ell . 14)
*

(x)
=fin)-vic + cellP-rz + Ex

g() = f 2( , z,

↓
= infEfcus-viu3 + infScl- rz) + vi

[M+f =- f*(u) - EIvI + vx

↓

[M(xif) = E I li - (1. 2+ fx)
*

m

MX; f) = (f
*

+Elli)
*

M)

[IM1k = (f
*

+ 1 - 11)
*

() + (11 - 14 + f())
*

m)

= SupEuix-fus-Elu3 + SupEuix-flu)-EMIR]
=- inff*(u) + null-wix) - inf[f(u) +=- uix 3

↓ Ty

*= - (X- proxkif
* )) - (X-proxxif)

* = prox(Xif*) + prox(if)



· (Firmly) Non-Expansive Operatin

Definition: (NOU- Expansive (

An operator T is non-expansive if ↓ Wy) (U, r) ET Iy-VII = all

Definition . (Firmly Non-Expansive (
An operaton t is fimly non-expansive if # (xy) (UVET CXU, YU) = lyl

Therem :

Firmly non-expansive => non-expansive

(Mul 1y-vll - <Au, y -U) - 1-VI => A-U = 11-y1

Theorem :

If F is monotone , No

the resolvent (I+ XF)" is single-valued and firmy non-expansive

let Wigs (U,) = (l+X#)
+

(Y,XS, (U) E IXF

My+ XFy) UEU + XF(r)

<x - U, y- v) e <y-V + X(F(y) -F(r)
, y-V]

= <y-V
, y-u) + x <F(y)-F(v) , yV>

F Monotone- (F(Y) - F(r)
, yu) zo

<x-u , y-V) = 11yu/

Eg : proximal openator

of is monotone -> (I+Xf)" is single-valued

prox(iXf) = anymin[fiu+/Ull) is single-valued Since flus+x Ull is strongly annex



Theorem: (Cayley Operation

let F be a monotone operatin .
Ri = (I+XF)"be the resolvent

the Cayley operator Co = 2RA-I is non-expansive

let (y) (,
rSt LI+ XA)" = Ro

(, zy-x) (U, 2v-u) ECa

1k2y-x - 2V+u(k= (12(y-r) - (-n31k

= 4114-V1K - 4(y-V
,x-u) + 11-4/1

mem

So Since RA is non-expansive ·

Theorem: (Averaged operators
let F be a non-expansive operator ,

oco

F = PF + (+0)[

then

0 F and I have the same fixed print
② the fixed point iteration

x+ = F()

anrages With 11 FX*
- ** IK = CH'OLOS /"-x*1

Py
+

= F(* ) = OF(*) + (1-R)x*

#

X*
= F(x*)

② 114-p)a + obl = (+o)11all + allbIk - Q(1-0) 19-bIP

((( )
- X

* |= 11F(*)- X
* (2

= IIOF(X*) + 1103X
*

- X*/

= 110 (F(x*) - x* ) + ( P)(X*
- x

* )()"
= o 11F(*) -** (2 + O(1**-** (2- O(tO) /FN*) - X* 1"
-
> IN

*
- ** I" - RIO) //F(*)- X

* 11 decaying
1F(*) -x* (1 = 11 F(*) - E*** - x

* 11
*

= 11 F(x*) - X
** 12

= X
*

- ** 11- decaying



1) y(
+

- x
+ ( - 11

*
- X

* 11 = - 0(10)11F(*) - x
*

(1

1(x*
- x

* (- 1x
*

-x
+ 1) = - 0150)IF(") -X*

IIF(* ) - ** 1* -> OCFOs /"- X* 112

K . M 11 FN*** -
> os /I" -X*

11F(x)-** I* = 400, /IX" -** II

Eg . prox(Xinf) conveges to a fixed point for annex function

If is monotone=> (2+ 1ff)" = EC + EI

non-expansive

· Proximal Point Method

mir fixs

optimality audition: 0Xf)
#

** t x
* + x6f() = (I+ x(f)(* )

** = (i+x(f)+ (*)

↓

** is the fixed point of (T+ Xsf)+

#

y
( x

= (i+ xf)"(* ) = prox(x*, xf)

· Proximal Gradient Method

Min f(x) + g(x) f differentiable , go non-differentiable

optimality audition: 0x(*fN#) + 1g(
*)

X
*

- Xyf(+)t x*
+ xfg(x

*

)

(I-X+f) (*) = (i+xq)(*)

x
*

= ([+ x(q)" (n) #
*)

↓ ↳ I-X*f might not be non-expansive need line search

y
*

= (I+x+q)
+

(2-x+f)(x)*) = prox(x
*

- xyf(*) ; xy)



y
**"

= prox(x*- txf(x*) ; xg)
= x* + t [x* prox(x*

- -xf(x*) ,xg)]
= x

*- t Ge
*)

Assume :

f is annex , differentiable , and L-smooth

g is annex , non-differentiable
minimum of f+g is finite and attained at X*

L-smooth : fly) -
> <f) + ficy+X) + Ex-yll=

f(x) = f(X-tGeWx))
-> f(x) - tYfN"Ge() + ElIGeWill
> f(x)-tYfGeM) + Ellatll when t Y

, the inequality is satisfied

X
+

= prox(X- tyf() ; +y)
= anymin[g(us + 11x-t-fN)-UI]

OtJg(t) + E(x"- X + t πfm) = (g() + Yf(x) - G-M)

f(x) + g(x
+) -> f(x) - tyf()Gt() + E 11Gt(i(( + g(x- the(x)

f(z) = f(x) + YfH"(E-x) * z

g(z) -g(x - + G+N)) + ui(t - X+ + GeN))(z, Utfg(x- +htm))

=> f(z) - #fAs"It-X) - EEANSAIM) + EllGeMILI

+g(z) - [GtH)-TfNJ"[z-X + +GtM]

= f(z) + q(z) + TAN) [(x- z) - tAtM] - [GeNs-Yf]"[z-X +- GM] + EllathIll:

= f(x) + y(z) - Gt(x)" (- x) - E 11G+ #3112

f(x+) +g() -

> f() +g() - E Natt)112

p(
+ ) - -(z) -

> GeNX)(X-z) - EllGeIIl = It(INX-zIE-1IX-z-tAtMIlli)
p() - -* - zt((N -x

* 11 - 1x+ - X* (2)



Given xt dont 1 dong

fan K= 1 ,
- .

compute fix
t= 1

x
+

= prox(x- + x fm) -+g)
While f(x) -f(x)-tYfM GeM) + E11Gt> /I:

= fN)-TANY ("-x) + it llx=XII

ti = St
* = prox(x-tyft] ity)

Quit whenlt)ll= El+ -X1E

·

Augmented Lagrangian
min f(x) F is a monotone operator
St. AX = b

let (U.. b-AX1) (V2
,
b-AX) EF

let F= E(r , b-Ax) : XE anymin flu) + ri (An-b)3 OEff() + AV , OffAS +A

(R.
- Uc)" (b-Mx-b + AT) = A(Vi-US" Mr-X1]

optimality condition : AX*
= b E [ffMs-IfA)]He-XX11↑# X*
= anymi f(x) + r

*"

(Ax-b) 20

OE F(u Sincef is anvex
,

of is monotone

#
v* ut + XF(rt) = (I+XF)(u*)
#

R
*

= (I+XF)" (U*)
↓

R(k) = ([+ XF)
+

(r
+
4)

let (V,
z) Ell+XF)" (z,U)tI+ XF

v z+ XF(z)

U = z+ X(b- AX) for some XEaymin flus + z"(A-b)

#
V =z+ X1b-AX)&OEff(x) + Az = ff() + A [V + X(AX-b)]

H X = anymin flus+ v(Au-b) + ElAu-bll

&x= anymin flu)+ vi(Au-b) + llAu-bli =
v

+

= v + X(Ax=b)

z= u+ X(AX-b)



Operator Splitting

Theorem :

let A,
B be maximally monotone , At be maximally monotone

(2RA-2) (2Rs-1) z = E
OEAN) + BM) > ↑X= RB(z)

where Ra = (I+ XA)"Ri =(I+ XB)" are resolvents of A
.
B

let X= RBIz] E= (2KB-l)z = 2X- z

*=RE) z = (2RA-I)(2RB-I)z = 2Y-E

NY
X= RB(z) = (I+X B)" (2) => ZELItXB)() = X + XBN) ZEE2x + X(AM) + BM)
* = RalE) = (I+XA)+ () = EtLI+ NA)() = +XAM) 3

OE AM) + BM/

we saw that Ca =ARA-1) (s =12Rs-1) are non-expansive

peaceman-Rachford Splitting : z =(2RA-I) (2RB-IJ(z)

Douglas-Rachfand splitting :
2 =FI + & /A · (b) JE)

· Douglas-Rachfand Splitting & Update Rules

Min f( +g() E> Ot ffM + Jqm)
the Douglas-Rachford Splitting is z =fil+ I (2Rcf-1)(2Rog-2)](z)

y( = 2prox)zixg) - zk

[ y* =
2proxly ,"i xf) -y,*S

>

Z

I

( )
= (z) + 1[zprox(yiixf) - 2 prox(z

*

"ixg)+ z]
= zu + proxly," ixf) -proxLz

*

iXg)
let y

*
= prox(z

*

ing)↓ then y = 2 y
+

- z4



[ y
*

= prox(z* ixg) this also work as the "post-processing" X= Rs(z) in the operat splitting

I
24 )

= z + prox(2y
*

- z*Xg) -y thus y is the result we should return

↓ shift iteration

y(0) = prox(z2 ;xg)
-wits

( z(k++
= z() -y() + prox(zy"- z> Xg)[

y(*)) = prox(z
+ )

;(g) q(k+1)

↓ WY wi
y() = prox(z

*)

;ng)
(() = ya- z4)&(k+1)

Y( = y(k
+1)

- z(k+))
= Y

(+)
+ W

*
- y(k+ )

the update rule for Douglas-Rachfond Splitting

y(0) = prox(z), xg)
w() =ym) - za)

< y(k+)
= prox(y

+
+ wiXf)I[y(+ )

= prox(u(+"
- w*; xg)

y(k+)
= y(k

+ )
- y(k+1)

+ w()



· ADMM : Douglas - Rachfond Splitting in Dual

Theorem ;

let Flu) = f
*

-Ev) + bir *
then the solution to proxIzixe) is given by

z + X(AX*
-b)

where X* is the solution to

Min f(x) + zi(AX-b) + E llAX-b112

min f(x) + =(AX-b) + * 1Ax-bli
↓

min fa + = MAX-b +*z1

↓

m fx+Y
St Axb + *z =y : 0

2 ,y, v) = f(x) + * 1y1 + v[Ax-b + *z -y]
= f(x) + (A) + yVy + Tz

OEJf(*) + Ep
*

= X
*

- anyMax[LArt)+x -f() = x* Jf
*
-Ar*)

Xy
*
- p = 0S

Ax*
-b +xz =ya 3 =

Ax
*
-b + Y(z- k*)=

OE Adf*LAU*) -b + * (z- vt) = 0

O E - AffF(-At)+ b + *(*
-z) =o

U
*

E anymin[f
*(v)+bir** IIV-z1k]

= anymin SFU) + XIV-zI3
= prox(ziXE)

u
=

= xy
*

= z+ NAX*
-b)



fN) + fut)
Sit AN + A = b : V

2Mi , Xc
, V) = f(x) + frA) + Vi (Ami + Anx -b)

= fi() + LAIR]iX1 + frNS + LAIU]iNo- bir

glus=[fiN
+ mix) + infEfis +Hr)in)-bir

=-f
*-Air)-bir-fitAr)

deal problem :

minir)+bir+AF,
(k)

y(0) = prox(z), xg)
Douglas-RachfordSplitting w() =ym) - za)

< y(k+)
= prox(y

+
+ wiXf)

y"= prox(z),XF) I[y(+ )
= prox(u(+"

- w*; xg)
Solve M= fr(x) + z AzXa + ElAzallz y(k+)

= y(k
+ )

- y(k+1)
+ w()

y(u) = z + x(A)

(H) = y(a) - z() =#
->u(

+"
= prox(y(x + w+; X)
Solve y* =

anymm fi() + (y
+

+ w()-(A
, x1 -b) + 1AX, -b(k

= arym f, (x) + y (T(Ax, +A-b) + 1A,+ +*W
*

-b/12

u(+ 1
= y ( + w + X(A , x,

Y )
-b)I

= XArXu

-

7y(z) = prox(
**

- WH; X* )

= prox (y
*

+ X (A, x**-b) : xF)
w()= XArXc

!

Solve x**"
= anymin f(x) + (y* + X(A , x,*-b))Art + 11A2x-1

= anymi f(x) + yes Ax+A+ Arx-bl

y(k
+1)

= y() + X(A, X,
(+"

-b) + XA*

= yes + X(A,X,*"
+ Axc(k+)

-b)

-w(kH) = y(x
+1)

+ w()- y(
+ 1)

(k +1)

-
= ye + X(A,y** + Ax

*"
-b) + wk - (y

*
+ w

*
+ X(Ax,- b))

-
-



Alt ,Xr ,Y) = f,M) + fr() + YY(A, x1 + An- -b) + E1A ,1 + An-b(k

= f, Ni) + fix) + * 1A,x + Ax -b
- * / - x1y112

randomly initialize yo ,
Ni

,
X2

&X= anymin AN ,
X

,y
( +)

=[ Xu aymin A(X, **,X , Y
*Y)

y(k
+1)

= y( + X(kX ,
k+

+ Ax-()) -b)

·

Stopping Criterion

Mix fit) + frtr)

Sit A, Xi + AX = b

2(X,,X ,y) = f, (i ) + foN) +y (A, X1 + An-b)

* (i ,X ,y) = fi(i) + foN) +y Y (A, X, + An-b) + E1)A,1 + AX - bik

update rule optimalitycondition

&
X= anymin AN ,

X
,y ↑

*Xi + A = b

Xc(+)
= aymin A(X, **,X , Y

*Y) OE 6f, Mi
*) + Aiy

#

y(k
+1)

= y( + X(kX ,
k+

+ Ax-()) -b) O Effe*) + Ainge

O Jf*) + Ay+ PA (A ,X+Ax
**

-b)

= ffiEXa***) + Ar (y*
+ P(***+Ax-b) 3 3rd kKT andition is always satisfied

= ffaAy
Y+ ) + AY(k

+

OE Jf , (,
**)+ A, y*+ PA (A,

k* "
+ A*** -b)

= of, (x, ***) + Ai(y*+ p(k , X,*
"

+ Av-b)

= Of,( ,**) + Ai (y*
+ P(A,X

**"
+ kzX2

**
-b + Arti

*
- A

**)
= Of, M

** ) + A, y+
+ PAN(

*
-x

um

dual residual



need to check :

o primal residual A. xi
*"

+ A
**-b is small

② dual residual PAA(**-***) is small

Check :

11 A, X,
**"

+ Anx
*+

-bl - Ep = 55 zabs + eve max &A**"12
, 11 Arx

**"I
, 11611]

11 PATA (* - *
k+ ]/kEd = Ja tabs + Evel Any

#* IIa

P is the number of constraints i

.e. A
PXm fabs >o

w is the dimension of X frel = 10-3 on 10
"

Eg. ADMM Lasso

MIN llAX-bIE + XI

↓

Mi EllAN-bl + XIull ,

Sit *, - X =0

&(., X ,Y) = EllAx-bli + XI ll , + y(x1 -X-) + E1(X, - Xilk

= IlAx-bIl2 +XIl , + E11 1
-x + *( + zb(y1)

randomly initialize X, X"you

xi = aymin IAx-bI +El-- (1:

# = &(Ax1 -b) + P(x) -xi+ * )i=
(DA +Pl)+ = pX

*
- y

+
+ Ab

X ,

(k+1)
= (AA + Pt)" (Px* - y

*
+ (b)

-
rank-1 update

x = anymin Mulli + Ex - (x+ /
= prox(** y

+/p ; * 1 . 11 , )

y(k
+1)

= y( + P(X,
"
-x2))



Eg. Constrained optimization

min(N) St XEL

↓

m f(x) + Ich) St M -N= =0

*M ,
Xr ,y) = f(1) + [c(Xv) + yi(x) -xz) + 2/1 -X-1l

= f(x1) + Ichf + Elm1 -12 + 1 - Ey

randomly initialize X, X"you

x,
k+

= aymi fN) + Ellx1-(- yY)1k

= prox (x***-y p ; pf)

Xc
#)

= anyin [ch) +&*-MIK

= Proje (x ,

**
+ y

+(p)

y(
+1)

= y() + p(x,
(+

- x(+

)

Eg. min fiN) + fulAx) proxtific proxtifel are easy

↓

xMixs f,
(xs) + fr(x)

St T = [] : y= [i]

*(1 ,X ,
xs) = f , 3) + f)+ 2) [*]* - [] + -EI + Ey

xaymin Ell[EIX ,
-[] + [B]

"

It lease square

Xi Y=m f, Ns) + f) +Eli - [i] --"It

Separable inand Xs
, just prox operators

y(k
+1)

= yes + X([*]X4[]


